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Introduction 

Cette these traite d'algebre et de geometric algebrique, plus precisement de 
theorie algebrique des P-modules, avec une forte presence de la caracteristique 
positive. On salt le role joue par la variete caracteristique en theorie des V- 
modules, nous en etudions ici un analogue lie aux p-courbures. Commengons 
par quelques rappels sur I'anneau des operateurs differentiels. 

L'anneau des operateurs differentiels. Pour un morphisme lisse de sche- 
mas X — >■ S', on entend, dans ce travail, par anneau des operateurs differentiels, 
le faisceau d'anneaux Dx/s sur X engendre par l'anneau des fonctions Ox et 
les champs de vecteurs relatifs Tx/s^ imposant que le commutateur d'un champ 
de vecteurs et d'une fonction soit la derivee de celle-ci suivant celui-la et que le 
commutateur de deux champs de vecteurs soit leur crochet de Lie. Notons que 
cet anneau est noetherien et que si S est le spectre d'un corps de caracteristique 
nulle, on retrouve l'anneau des operateurs differentiels algebriques usuels. Nos 
considerations out pour point de depart les proprietes remarquables de Dx/s 
lorsque S est le spectre d'un corps de caracteristique positive p. En effet, d'apres 
0, Dx/s est alors fini sur son centre Z{Dx/s) et le spectre de ce dernier s'iden- 
tifie au fibre cotangent T*{X/S)' de X/S (tordu par le Frobenius, note ' ici et 
plus bas) . De plus cette identification se fait via la p-courbure 

il:^:d^ (V(9))P- V(aM), 

notion typique a la caracteristique positive, rendant compte du defaut de com- 
patibilite d'une connexion integrable V a la puissance p-ieme des champs 
de vecteurs d. Enfin, il est egalement observe dans [5], et c'est une condition 
technique essentielle pour la suite, que Dx/s est une algebre d' Azumaya sur le 
cotangent T*{XlSy. 

Explicitons le cas de I'espace affine A^j, S affine d'anneau R. L'anneau des 
operateurs differentiels est alors la faisceau associe a I'algebre de Weyl d'indice 
n, AniR)^ c'est-a-dire le produit tensoriel sur R 

®\=1(R < x,,d, > /{d,x, - xA = 1)). 

On constate bien que si R est un corps de caracteristique positive p, An{R) 
est finie sur son centre, qui s'identifie a I'algebre de polynomes (g)*J"i?[a;^, 9f]. 
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L'operateur de p-courbure est ici celui qui au champ de vecteur di correspondant 
a la i-ieme coordonnee, associe I'element central 5f - 9,1^' = af de A„(i?). (La 
puissance p-ieme t?]^' du champ de vecteur particulier di s'annule.) 

Les p-supports. Supposons que S soit un schema afhne d'anneau R, une al- 
gebre de type fini sur Z, integre et de corps de fractions de caracteristique nulle. 
Done telle que pour chaque ideal maximal m de R, le corps fc(m) := R/m soit de 
caracteristique positive. Pour un 5'-schema lisse X, donnons-nous un module M 
de type fini sur Dx/Si note aussi Dx/r- Sa reduction fc(m) ^rM, pour un ideal 
maximal m de i?, est alors un module de type fini sur Dx^/k{m) 6t en particulier, 
par les rappels ci-dessus, un module de type fini sur le centre Z{Dx^/k(m)) de 
Z?x„/fc(m)j ce dernier s'identifiant a I'anneau des fonctions sur le fibre cotangent 
T*(Xm/fc(m))'. On definit le p-support de M en m comme la sous-variete de 
T*(Xm/fc(m))', support de fc(m) ®r M vu comme module sur Z(_Dx„/fc(m))- 
L'objet central de cette these, ainsi que I'analogue promis de la variete carac- 
teristique, est la collection des p-supports de A/, pour I'ensemble des ideaux 
maximaux de R. On se permet en fait d'identifier les collections provenant de 
M et de ses localises M[l/r\ par des elements non-nuls r de i?, ce qu'on exprime 
parfois en disant "la collection des p-supports pour p sufRsamment grand". 

Remarquons enfin qu'on construit des modules comme ci-dessus en epaissis- 
sant (ou deformant) les 2?-modules de type fini, ou 2? est I'anneau des operateurs 
differentiels sur une variete lisse sur fc, un corps de caracteristique nulle. En effet, 
I'anneau V etant noetherien, tout module de type fini Mg est de presentation 
finie et pent done s'epaissir en un module M de type fini sur Dx/r tel que 
Mo = k ®R M, pour X lisse sur R comme ci-dessus, R etant par exemple le 
sous-anneau de k engendre par les coefficients des relations d'une presentation 
finie de Mq. 

Resultats. Rappelons que le fibre cotangent d'une variete equidimensionnelle 
lisse X sur un corps est canoniquement muni d'une forme symplectique et que 
ses sous-varietes lagrangiennes sont celles qui sont de meme dimension que X 
en chacun de leurs points et sur un ouvert dense desquelles la forme symplec- 
tique s'annulle. Rappelons aussi que I'holonomie est une condition de finitude 
fondamentale sur les 2?-modules, satisfaite par exemple par tons les modules 
provenant des fibres a connexion integrable. Notre resultat principal est le 

Theoreme 1 (cf. le Theoreme [^XT|) 

Soit X un schema lisse purement de dimension relative n sur S ajfine d'an- 
neau R comme ci-dessus et soit M un module a gauche de type fini sur Dx/r- 
Supposons que k ®ji M soit un V-module holondme, pour k le corps des frac- 
tions de R (k est done de caracteristique nulle). Alors les p- supports de M sont 
des sous-varietes lagrangiennes, "pour p suffisamment grand" (i.e. il existe un 
element non-nulr de R tel que les p-supports de M[l/r] soient des sous-varietes 
lagrangiennes) . 
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Pour I'obtenir, on demontre egalement I'assertion qui suit. Rappelons cette 
fois-ci qu'une algebre d'Azumaya sur une variete est scindee si elle est isomorphe 
a I'algebre des endomorphismes d'un fibre vectoriel. 



Theoreme 2 (cf. le Theoreme l6.1.4p 

Dans la situation du theoreme 1 et sous les memes hypotheses, I'algebre 
d'Azumaya des operateurs differentiels se scinde sur le lieu regulier dup-support, 
"pour p suffisamment grand " ( i. e. il existe un element non-nul r de R tel que 
pour tout ideal maximal m de i?[l/r], I'algebre d'Azumaya 13x„/fc(m) se scinde 
sur le lieu regulier du p-support de fc(m) ®r M). 

L'enonce du theoreme 1 s'inspire du theoreme classique d'integrabihte de la 
variete caracteristique [19]. II ne semble toutefois pas se deduire aisement de 
son modele. Qui plus est, les objets sur lesquels ces deux assertions portent ont 
des differences notables, comme il se voit sur les exemples. Mettons en evidence 
que les p-supports peuvent dependre non-trivialement de p et qu'ils ne sont en 
general pas des sous-varietes coniques du cotangent, c'est-a-dire que contraire- 
ment a la variete caracteristique, ils ne sont pas necessairement preserves par 
Taction du groupe multiplicatif dans les fibres. 

Exemples. 

• Soient i? = Z, X = et soit M le Z3x/_R-module a gauche de type fini 
correspondant a la i?-connexion integrable 

V = d + dg 

sur Ox, oil g est une section globale de Ox - De I'identite {di + dg/dxi)^ = 
{diY + {dg/dxiY dans ^„(Z/pZ) [311 5.2.4], on deduit que le p-support de 
Z/pZ (g)z M C T*M^i^j^ = T* K^i^j^ est la reduction modulo p du graphe 
de dg C T*hJ^. Les p-supports ne sont done pas necessairement coniques. 

• Soit R — Z[A] le sous-anneau de C engendre par A G C et soit X = 
specR[x,x^^] = A)j — {0} C Aj^ ~ specR[x]. Considerons le Dx/R-niodu\e 
a gauche de type fini M correspondant a la i?-connexion integrable 

V = d + X dx/x 

sur Ox- On deduit de I'identite {xd)P = x^d^ + xd dans ^i(Z/pZ) [lH 
lemma 1] que pour tout m ideal maximal de R tel que fc(Tn) soit de carac- 
teristique positive p, le p-support de fc(m) ®h M C T*X'^ C T*A}^^.^ = 

^*-^fc(m) decrit par I'equation xy — — \ (mod p), ovl y est la sec- 
tion globale de Ot-* ai correspondant a dx. Si A n'est pas rationnel, on 

k{m) 

obtient ainsi des exemples de dependance non-triviale en p des p-supports. 
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• Signalons enfin que d'apres [3T], les connexions de Gauss-Manin ont des 
p-courbures nilpotentes. Leurs p-supports sent done reduits a la section 
nuUe du cotangent, tout comme leur variete caracteristique. 

Avant de commenter le contenu des differentes sections, attirons I'attention 
sur Particle [33] (voir aussi qui est consacre a des conjectures basees sur 
les p-supports. On s'attend notamment a ce que leur consideration clarifie la 
theorie des P-modules holonomes irreguliers. 

Organisation du texte. Dans la section[Tl nous fixons les notations et rappe- 
lons les faits necessaires sur I'algebre des operateurs differentiels et ses modules, 
la geometric symplectique du cotangent et le calcul difierentiel en caracteristique 
positive. 

Dans la section [5] figurent I'enonce du resultat principal ainsi qu'un plan de 
sa demonstration (auquel on renvoie aussi pour une description du contenu de 
la these). 

La section [3] traite de I'equidimension des p-supports. On y applique des 
techniques developpees pour la variete caracteristique [10] (exposees dans [TUl 
A :IV]), cf. aussi 2.4]. 

La section |3]contient la reduction de la demonstration du theoreme principal 
au cas de I'espace afSne. On y utilise I'image directe des I?x/s-nrodules. 

Dans la section[5l on majore les rangs generiques des restrictions d'un module 
a ses p-supports ainsi que les degres de ces derniers ^33j conjecture 1], dans le 
cas de I'espace afEne. Ces majorations sont essentielles aux demonstrations des 
theoremes 1 et 2 enonces ci-dessus. 

La premiere partie de la section [B] est consacree a la demonstration du theo- 
reme 2 sur le scindage de I'algebre d'Azumaya des operateurs differentiels. Dans 
la deuxieme partie, on expose le lien entre la classe de cette algebre dans le 
groupe de Brauer et la forme canonique sur le cotangent. 

La section [7] contient les derniers resultats necessaires a la demonstration du 
theoreme principal, ainsi que la demonstration proprement dite. On s'y base sur 
la majoration de la section [S] pour uniformement compactifier un ouvert dense 
des p-supports et on etudie, suivant une suggestion de M.Kontsevich, Paction 
de I'operateur de p-courbure sur I'ordre des poles des formes differentielles. 

Signalons aussi que plusieurs parties debutent par des descriptions detaillees. 
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1 Preliminaries 



1.1 Conventions 

Schemes are assumed to be noetherian, positive characteristics to be non zero 
and morphisms of algebras to send 1 1. Local coordinates of a smooth scheme 
X/ S mean local etale relative coordinates in the neighborhood of a point of X. 
As a rule we define notions and state results for left modules, we often omit to 
mention that they easily adapt to right modules. 

1.2 Dx/s 

Let 5* be a scheme and let X be a smooth 5-scheme of relative dimension n. 
Let the tangent sheaf Tx/s be the Ox-module dual to the locally free sheaf of 
relative differentials i^^/S' endowed with a Lie bracket. The ring of PD- 
differential operators oi X/S [B} §4], noted Dx/s: is a sheaf of noncommutative 
rings on X. It is the enveloping algebra of the Lie algebroid Tx/s ISl 1-2]. 
Thus Dx /s is generated by the structure sheaf Ox and the tangent sheaf Tx / s : 
subject to relations f.d = fd, d.f — f.d = d{f) and d.d' — d' .3 = [d,d'] for / 
and d, d' local sections of Ox and Tx/s respectively. Note that it is compatible 
with base change. In terms of local etale relative coordinates {xi, a;„}, for the 
sections {di, 9„} of Tx/s, dual to {dxi, dx„}, one has Dx/s — ®/ Ox-d^ , 
summing over non negative multi-indices. By definition of an enveloping algebra, 
endowing an Ox-module with a compatible left Z?x/s-module structure or with 
an integrable connection are equivalent. Left multiplication by Ox makes Dx/s 
into a quasi-coherent Ox-module. Moreover, 

Proposition 1.2.1. The sheaf of rings Dx/s has a natural positive filtra- 
tion Dx/s = V}m>o^x/s,<rn, defined by Dx/s,<o Ox and fx/sxm+i := 
Tx/s-Dx/s,<m + Dx/s,<mj whose associated graded sheaf of rings grDx/s 
canonically isomorphic to Ox^^x/S)) ^he structure sheaf of the cotangent bundle 
ofX/S. 

where the cotangent bundle of X/S is T*{X/S)/X :— Specx{SymoxTx/s)^ 
also denoted V{Tx/s) !22| 1.7.8]. Therefore Dx/s is a sheaf of coherent noethe- 
rian rings jSj 2.2.5 and 3.1.2]. One has the familiar finiteness condition for 
modules. 

Proposition 1.2.2. A left Dx/s-i^odule is coherent f21\ 0.5.3] if and only if 
it is quasi- coherent as an Ox-module and its module of sections over any open 
of an affine covering is a finitely generated left module over the ring of sections 
of Dx/s m 3.1.3 (li)]. 

Furthermore on X affine the functor of global sections is an equivalence from 
the category of coherent left Dx/s-i^odules to the category of finitely generated 
left modules over the global sections of Dx/s 3.1.3 (Hi)]. Note also that 
coherence is preserved under base change. 

Similar results hold for right Dx/s-^odules. 
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There is also a notion of good filtration on a coherent left Dx/s-module 
5.2.3.]. Namely recall that bv ll.2.1i Dx/s is a positively filtered sheaf of rings, 
then 

Definition 1.2.3. A filtration on a coherent left Z^x/s-module, that is a fil- 
tration by coherent sub-Ox-modules compatible with the filtration on Dx/s is 
said to be good if it is bounded below and if the associated graded module over 
grDx/s = Ot'{x/S) is coherent. 

Note that coherent left D^/s'inodules admit good filtrations [5, 5.2.3 (iv)] 
and that for a good filtration F on a module M, the support of the graded 
coherent grDx/s — Ot-.(x/s') -module gr^ M in T*{X/S) is independent of F, 
[111 V 2.2, lemma]. Hence the following is well-defined, 

Definition 1.2.4. The singular support of a coherent left £)x/s-niodule M is 
the support of the associated graded module to a good filtration, it is a well- 
defined closed subset SS{M) of T*{X/S). 

The singular support behaves well under exact sequences, indeed, here are 
some easy consequences of coherence. 

Proposition 1.2.5. Let 

-4 M' ^ M ^ M" ^ 

he a short exact sequence of coherent left D x / s -i^odules and let T be a good 
filtration on M. Then gr^ M = if and only if M = 0. Moreover, for the 
induced filtrations F' :— 0'^^(F.) on M' and F" :— 0"(F.) on M" , the natural 
short sequence 

^ gr^'M' ^ gr^M ^ gr^" M" ^ 
is exact. In particular, T' and F" are good and SS{M) ~ SS{M') U SS{M"). 

Assume that S is the spectrum of a field of characteristic zero, then Dx/s 
is the usual algebra of differential operators Dx, also noted V. Moreover the 
natural filtration is the usual filtration by the order of differential operators and 
the notions of coherent module, good filtration and singular support specialize 
to their 2?- module counterparts [11, VI §1]. Recall that in characteristic zero the 
dimension of the singular support satisfies the following fundamental inequality, 

nn VI i.io(iii)], 

Theorem 1.2.6. Let M he a non zero coherent left V-module. Then dimSS(M) > 
n — dimX . 

The modules for which this lower bound is reached are called holonomic, 
indeed, 

Definition 1.2.7. A coherent left P-module is said to be holonomic either if 
its singular support is of dimension n = dimX or if it is zero. 
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There's the fohowing homological characterization of holonomicity, [TP, VI 
1.12], 

Theorem 1.2.8. A coherent left V-module M is holonomic if and only if 
£xt\,{M, 23) = for all i ^ n = dimX . 

1.3 Dx/s in positive characteristic 

If 5 is a scheme of positive characteristic p, then so is X and let X'^p/^\ or 
simply X', be the base change of X/S by the Frobenius endomorphism of S, 
raising the local sections to their p-th power. There is a S'-morphism Fx/s '■ 
X x'-P/^^ associated to the Frobenius endomorphism of X and called the 
relative Frobenius of X/S [36l §1]. Moreover, as the p-th iterate of a derivation 
is again a derivation, one may associate to a local section d of Tx/s the local 
section Ql^l of Tx/s corresponding to its p-th iterate. Comparing it with the 
p-th power of the element corresponding to d in Dx/s, one gets a p-linear map 
c : 9 I— >■ d^ — d^P^ from Tx/s to Dx/s, which actually lands in the center Z{Dx/s) 
of Dx/s [Sj 1.3.1]. By adjunction one deduces from c an Ox'-lmear morphism 
c' : Tx'/s Fx/s^Z{Dx/s)- 

Proposition 1.3.1. 1.3.2]) 

The Ox' -linear morphism c' : Tx'/s ~^ Fx/s^Z{Dx/s) extends to an Ox'- 
linear isomorphism Ot'{X'/S) ^ Fx/s^Z{Dx/s)- 

It turns T>x/s •= ^x/s^^x/s iiito a central OT^.^jf/^g-j-algebra. 

Note that in local etale coordinates as above one has Fx/s {Dx/s) = 
0j Ox'-d^^ hence T>x/s is a locally free C'7-*(x'/s)-iiiodule of rank p^". More- 
over, 

Theorem 1.3.2. (18, 2.2.3]) 

T>x/s Azumaya algebra of rank p"' on T* (X' / S). 

Recall that an Azumaya algebra is a relative central simple algebra. The 
notion has many equivalent characterizations |24[ 5.1] one of which is that an 
Azumaya algebra of rank r on a scheme F is a sheaf of Oy-algebras, coherent 
as an -module and isomorphic to a rank r matrix algebra MriOy) on a flat 
covering. 

In the case of T>x/s, let Ax/s be the centralizer of Ox in Vx/s and let's 
denote (Vx/ s)ax/s rankp" locally free ^x/s-module T>x/si Ax/s acting by 
right multiplication. Then Ax/s is a faithfully flat Fx/5^.^(-Dx/s)"algebra and 
the va.oiY'hism.'Dx/ s® Fx, s ,z{Dx/ s)^x/ s £ndAx,sii'^x/s)Ax/s) given by left 
multiplication by T>x/s and right multiplication by Ax/s is an isomorphism [8l 
2.2.2] thus realizing T>x/s as an Azumaya algebra of rank on T*{X' / S). 

1.4 Symplectic geometry of the cotangent bundle 

Let 5 be a scheme and let 1" be a smooth 5-scheme of relative dimension n. 
Recall that the cotangent bundle of Y/S is the F-scheme T*{Y/S) ^ Y := 
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y((f2yyg)*) = SpecY{SymoY{^Y/s)*^ ^^'^ hence that the sheaf of germs of Y- 
sections of T* {Y/ S)/Y is canonically identified with ^y^g [551 1-7.9]. Moreover 
T*(Y/S) is a smooth F-scheme of relative dimension n [231 17.3.8], smooth of 
relative dimension 2n as an S'-scheme. For f : X ^ Y & S'-morphism of smooth 

S'-schemes, the pullback of differentials ^x/g <^ f*^Y/s p51 16.4.3.6] gives 

rise to the X-morphism T*{X/S) 4^ X XyT*(Y/S) called the cotangent map. 
It is part of the cotangent diagram of /, 

T*{X/S) X xy T*(Y/S) 

T*{Y/S) 

where is the canonical projection. Let U (1 Y he an open subset, one 
sees right-away on the definitions that if is the section of T*(Y/ S)/U cor- 
responding to a G r(f/, riyyg) then fij o X Xy Sa corresponds to S 

r(/-ic/,f]i,/^). 

Note the 

Lemma 1.4.1. If f : X ^ Y is an immersion (resp. a closed immersion) then 
fd is smooth and surjective and /^r is an immersion (resp. a closed immersion). 
Moreover fd admits a section locally on X. 

Proof: The morphism fd is smooth and surjective by [23!, 17.2.5], [22), 
1.7.11(iii)], [551 17.3.8] and stability under base change of surjective smooth 
morphisms, /tt is an immersion (resp. a closed immersion) by [211 4.3.1(i)] and 
local sections of the locally split "conormal" short exact sequence of [231 17.2.5] 
induce ^22j 1.7.11(i)] local sections of fd. 

The cotangent bundle of Y/S carries a canonical global ^-relative 1-form 
Oy/s corresponding to the section T* (Y/S) t* (Y/S) xyT*{Y/S) 

T*{T*{Y/S)/S) of the cotangent bundle T*{T*{Y/S)/S) T*{Y/S), 
where At-'{y/s)/y is the diagonal of T*{Y/S) Y. Let {yi, ...,yn} be local 
etale coordinates on Y , then in terms of the associated local etale coordinates 
{yi,-,yn]ii,-,£.n} on T*{Y/S), where are dual to {dyi, ...,dyn}, 

^Y/s = Si=i Cidyi- Note that the canonical form is compatible with base change 
and with the cotangent diagram, the latter in the sense that f-^^Yls — fd*dx/s- 

Suppose that S is the spectrum of a field k and let's drop the reference to 
the base S from the notations. So y is a smooth fc-scheme of pure dimension 
n. The nondegenerate global exact 2-form ujy '■— ddy on T*Y is called the 
symplectic form. 

Definition 1.4.2. A subscheme X ^ x*Y is said to be a lagrangian subscheme 
of {T*Y,ujy) if it contains a dense open U C X on which the symplectic form 
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vanishes, (i*wy)|t/ = and if at each of its points x it is of dimension n = 
dirUxY. 

We'll use the 

Lemma 1.4.3. Let f : X ^ Y be an immersion of smooth k-schemes and let 

Zy ^ y*y djid Zx ^ T*X he reduced subschemes. Suppose that f~^ZY = 

f^^Zx and that f^^Zy Zy is surjective. Then ujy vanishes on a dense 
open subset of Zy if and only if lux vanishes on a dense open subset of Zx- 

Proof: Note that by lemma [T. 4. 11 fd\Zx is smooth and surjective and f-n\Zy 
is an immersion. Since by hypothesis f-K\Zy is surjective, it is a nilimmersion |21i 
4.5.16] hence, Zy being reduced, an isomorphism. Moreover by [231 17.2.3(ii)], 
[121 §7 n°2 prop. 4] and flatness of smooth morphisms, the pullback of forms 

fl : f^l^,^ ^"f-^Zx i injective for all z = fd{z)- Since f*uy = f^ux as 
f;9y = flOx and' {fl\Zx) o {f.\Zy)-^ and {f^\Zy) o {fd\Zx)-^ preserve open 
dense subsets, the lemma follows. 



1.5 Differential calculus in positive characteristic 

Let y be a smooth equidimensional scheme over a field k of positive characteris- 

tic p, let Y > Y' be the relative Frobenius of Y/k and let : F' — F be the 

canonical projection. The differential d — dy/i^ : Oy ^y/k -Fy^.^Oy-linear 
hence the differential of the complex is Oyz-linear, where ^y^y. = 

(rj^^^, dy/j, = d) is the de Rham complex of Y/k. Let Z"^ [F / ^Vly / 1^) '■= 
ker{F/,J : F/,n^^, ^ F/.n^^^), := ^m(F/,^d : F/,n^~/^ ^ 

F/,n\./,) and W{F/,n'y/,) Z^{F/kn'y/,)/B^{F/kn'y/,), the exterior 
product of differential forms endowes and ^V'/fc '^ith 

structures of graded Oyz-algebras. They are canonically isomorphic [311 7.2], 

Theorem 1.5.1. There is a unique morphism of graded Oy -algebras 
Cy'--®^V'/k^®^'iF/k^^Y/k) 

such that for all local sections y of Oy,CY^{d{W*y)) — the class ofyP^^dy G 
^^(-P/fc^^y/fc)- It is an isomorphism, compatible with etale localization on Y. 

The composed morphism 

where 0^^^; ^'(-^/fc,^^/fc) ®,ez ^'(-^/fc^^^^/fc) is the quotient, is denoted 
Cy and called the Cartier operator. 
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Recall ([551 2.1.18]) that there is an exact sequence of abelian sheaves on Y' 
where dlog{y) := dy/y for local sections y of Oy and W* is induced by the 

F/fcJ(W)'"') 

morphism -F/fc^^y/fc * ^ F/k^W^fVLy, coming from the puUback of 

forms W* , note that since F/^. o Vt^ is the Frobenius endomorphism of Y' its 
underlying map is the identity and hence F/f^^W^fily, — {F/k °W)i,Q\r, and 
^y, jf. are identified as abelian sheaves on Y' . Moreover since W* — Cy is etale 
locally surjective ^51 2.1.18], the above sequence induces an exact sequence of 
etale sheaves on Y' 

where for U' A Y' etale and L/ A F its base change by F/k, F/fe^Zi(0^/^.)(L/' ^ 

Y') :^ rF,k^Z\^l'y^,) - F/k^Z\nif^) and ^l\,^,{U' A Y') :^ rn\., = 
^Ij, ^k etale sheaves associated to the coherent -modules F/fc^Z^(ri^yj,) 

and riy,^j,[34| II 1.6]. Let's call it the p-curvature exact sequence and W* — Cy 
the p-curvature operator. 

2 Statement of the result and first reductions 
2.1 The p-support 

Let X be a smooth scheme over a field k of positive characteristic p. Recall 
from 11.31 often dropping the base from the notations, that there is an Ox'- 
linear isomorphism Ot*(x') ~^ Fx/k Z{Dx) identifying Ot*(x') with the center 
Fx/k^Z{Dx) oiVx Fx/k^Dx pXT|l . Let M be a coherent left D^-module 
(|1.2.2p . then Ai := Fx/k^M is coherent as an Ot* {x'y^'^odule. 

Definition 2.1.1. The p-support0of M is the support of the coherent C't*(X')" 
module A4 :— Fx/k^M. It is a closed subset p-supp(A/) of T*{X'), endowed 
with its reduced subscheme structure. 

Note using [36, prop. 1. a), prop.2.c)2)] and [2T, 9.3.2(i)] that the p-support 
is compatible with etale localization on X. 

Further recall that T*{X') carries a nondegenerate exact 2-form ujx' which 
is called the symplectic form. 

Remark 2.1.2. (d 5.2]) 

The symplectic form wx' or rather the corresponding Poisson bracket has a 
natural deformation theoretic interpretation related to the lifting of X modulo 

9 
P . 

^The p of p-support is the p of positive characteristic, prime characteristic and p-curvature. 
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2.2 The statement 



Let S' be a scheme of finite type over Z. Recall that the closed points of S 
have finite residue fields and that there are lots of them, indeed every nonempty 
locally closed subset of S contains a closed point |23l 10.4.6 and 10.4.7]. 

Theorem 2.2.1. Let S be an integral scheme dominant and of finite type over 
Z, let X be a smooth S-scheme of relative dimension n and let M be a coherent 
left Dx/s-i^odule. Suppose that the fiber of M at the generic point of S is a 
holonomic left V-module 111.2. 7)j . Then there is a dense open subset U of S such 
that the p-support of the fiber of M at each closed point u of U is a lagrangian 
subscheme of {T*{X^),uJx^). 

2.3 About the proof 

A complete proof is given in 17.41 and rests on most of the results of the paper. 
Let us roughly outline the argument, which has two parts, in accordance with 
the definition of a lagrangian subvariety. 

A first part bears on the dimension and equidimension of the p-support, 
notions which are of cohomological nature (vanishing of some double Sxfs), 
and occupies section [3] 

A second part handles the vanishing of the symplectic form on the regular 
locus of the p-support. 

Its starting point is twofold, namely, there is a natural map from 1-forms to 
the Brauer group which sends the canonical form to the class of the Azumaya 
algebra of differential operators (subsection 16.21) , and the latter splits on the 
regular locus of the p-support (theorem I6.1.4p . 

Thus the restriction of the canonical form to the regular locus of the p- 
support is in the kernel of the above map, which may be described in terms of 
the p-curvature operator (proposition I6.2.3P . Further considering the action of 
the p-curvature operator on the order of poles along the boundary of a com- 
pactification (proposition l7.3. 1)) . one shows that the restriction of the symplectic 
form, that is the exterior derivative of the canonical form, has logarithmic poles. 
The result then follows from the vanishing of globally exact forms with loga- 
rithmic poles, in characteristic zero. 

Let us mention that crucial to the argument is an estimate of some degrees 
and ranks of modules, in the case of the afhne space ftheorem l5.3.2p . 

Note finally that in the above sketch, we should have written "for p large 
enough" several times. 

2.4 First reductions 

Here we carry out some standard reductions (|2.4.ip and deal with an easy case 
of theorem 12.2. II (|2.4.3p . It is organized into two remarks. 

Remark 2.4.1. The conclusion of I2.2.1l depends on S only up to restricting to 
a dense open subset and so do its hypotheses. Moreover 12 . 2 . 1 1 is compatible with 
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Zariski (even etale) localization on X. Indeed lagrangianity and the p-support 
are compatible with locahzation while the hypotheses are stable by restriction 
to open coverings. Hence in the proof of 12.2.11 one may further assume that S 
is afBne, regular (by lemma [^.4. 21 below) and that X is regular p51 17.5.8 (iii)], 
afRne and integral [511, 4.5.7]. 

Lemma 2.4.2. Let S he an integral scheme of finite type over Z. Then the 
regular locus of S is non empty and open in S. 

Proof: The regular locus is open by |23l 6.12.6]. It is non empty since the 
generic stalk is a field and hence is regular. 

Remark 2.4.3. If the fiber of AI at the generic point of S is zero, theorem 
12.2.11 is easy as there is a dense open subset U oi S such that M\u — 0. More 
generally if S is integral and M is a coherent left (resp. right) Dx/s-module 
such that the fiber of M at the generic point of S is zero, then there is a dense 
open subset U oi S such that M\ij = 0. 

Indeed one may assume that X and S are affine and thus consider a left (resp. 
right) module over the ring of global sections of Dx/s- By the hypotheses, this 
module has a finite generating family {toi, m;} and each is annihilated by 
a non zero global section of Os- Since O5 acts through the center of Dx/s, 
the open subset of S determined by the product of these global sections fulfills 
the statement. 

Thus we may assume that the fiber of M at the generic point of S is non 
zero. 

3 Dimension of the ^-supports 

Theorem 12.2.11 boils down to assertions about the dimensions of some schemes 
and the vanishing of a certain 2-form. Let us start by the dimensions, 

3.1 Statement 

Theorem 3.1.1. Let S be an integral scheme dominant and of finite type over 
Z, let X be a smooth S-scheme of relative dimension n and let M be a coherent 
left Dx/s-i^odule. Suppose that the fiber of M at the generic point of S is a 
non zero holonomic left V-module il.2. 7]) . Then there is a dense open subset 
U of S such that the p-support of the fiber of M at each closed point u of U is 
equidimensional of dimension n — dimX. 

The proof is deferred till 13.31 It is based on the notion of pure coherent 
sheaf p.2p and its characterization in terms of duality p.2.3p . This is relevant 
as purity implies equidimensionality (j3.2.2p and holonomic P-modules satisfy 
strong duality properties (|1.2.8p . One concludes using the Azumayaness of the 
algebra of differential operators (|3.3.4p . 

In view of l2.4.1[ we may and shall assume that S and X are regular, integral 
and affine. 
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3.2 Pure coherent sheaves 

Recall that the (co)diniension of a coherent sheaf is the (co) dimension of its 
support and let us call a coherent sheaf equidimensional if its support is equidi- 
mensional. There is a strengthening of equidimensionality which has a very 
convenient interpretation in terms of duality theory. Indeed, let us fix an affine 
scheme Y, 

Definition 3.2.1. A coherent sheaf on Y is pure if all its non zero coherent 
subsheaves are of the same dimension. 

It is easily seen to imply equidimensionality, 

Proposition 3.2.2. A coherent sheaf on Y is pure if and only if all its asso- 
ciated points J23\. 3.1.1, 3.1.2] are of the same dimension. In particular a pure 
coherent sheaf on Y is equidimensional. 

Here's the interpretation in terms of duality theory. 

Theorem 3.2.3. Suppose that Y is regular and equidimensional. A coherent 
sheaf J- on Y is pure if and only if there 's a non negative integer c such that 

£xt\£xt'{T, Oy),Oy)^0 

for all I =/= c. If J- is not zero then c is its codimension. 

Proof: The proof is in the literature. Indeed, [101 A:IV 2.6] applies by \TU[ 
A:IV 3.4] and gives the result, using [11, V 2.2.3] to see that purities here and 
there coincide and to get the above index. 



3.3 Equidimensionality of the p-supports 

Recall the notations and hypotheses of 13.1.11 and use 12.4.11 In particular X/S 
is smooth of relative dimension n with S and X regular, affine and integral. 

Here are two lemmas and two propositions, preliminary to the proof of the- 
orem jXTHl which follows. 

Lemma 3.3.1. Let M be a left module over a ring R and let {Mi}i^z be an 
exhaustive increasing filtration of M by left sub-R-modules. Suppose that there 
is ia .such that Mig = and for all i > iq the left R-modules Mi/Mi^i are fiat, 
then M is fiat. Suppose further that for all i the Mi/Mi^i are free, then M is 
free. 

Proof: By hypothesis Mt^+i = Af,„+i/(Min = 0) is fiat. Since the Mi/Mi^i 
are flat for all i > iq + 1 and extensions of fiat modules are flat |13[ §2 n°5 
prop. 5], Mi is fiat for all i > iq + 1. So M is a union of fiat submodules, hence 
is flat by |13', §2 n°3 prop.2(ii)]. If the Mi/Mi^i are free, then the union for all 
* > io + 1 of an arbitrary lift of a basis of Mi /Mi_i is a basis of M, thus M is free. 
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Lemma 3.3.2. Let M be a coherent left Dx/s-'^odule. Then there is a dense 
open subset U of S such that for all I and for all s G U , the canonical map 

{Sxt'o^^^ (M, Dx/s))s ^ Sxt'o^^ iM,,Dx^ ) 

is an isomorphism, where the subscript s denotes restriction to the fiber. 

Proof: Since coherent left Dx/s-^odu\es form an abelian category, the 
proof of [251 9.4.3] goes through here. Indeed provided the above abehanity, 
the proof of |23l 9.4.2] carries reducing to associated graded to good filtrations 
and using [3D1 A. 17] and lemma [5.3. II to conclude. There are only finitely many 
I's to consider since by [TOl A:IV 4.5], both target and domain of the above 
morphism are zero for I > dimT*{X/S) > dimT*X,, T*{X/S) and T*Xs being 
the respective spectra of the regular rings grDx/s ^-^d grDx^- 

Proposition 3.3.3. Let M be a coherent left Dx/s-i^odule. Suppose that the 
fiber of M at the generic point of S is a holonomic left V-module. Then there 
is a dense open subset U of S such that for all I ^ n and all s d U , 

£xt'a^^{M,,DxJ = 0. 

Proof: By lemma [3X2] and theorem [TTSl the fiber of Sxt^j^^^jM, Dx/s) 
at the generic point of S vanishes for all / ^ n. Hence by remark 12.4.31 and 
lemma [3.3.21 for each / 7^ n there is a dense open subset Ui oi S such that for 
all s G Ui, £xt^jj_^ {Ms, Dx,) ~ 0. Since by the proof of 13. 3. 21 there are at most 
finitely many Ts to consider, this proves the proposition. 

Proposition 3.3.4. Recall lKli let Y be a smooth equidimensional scheme over 
a field k of positive characteristic p and let M be a coherent left Dy/k-i^odule. 
Then 

£xtD^/^{M,DY/k) = tfand only if Sxt^ar,^^,^{M,OT'(Y')) = 0, 
where M. := Fy/k^M and I is an integer. 

Proof: Since Fy/k is affine, £xt^jj^^^{M, Dy/k) = if and only if 

= Fy/k^£xt'o^^^{M,Dy/k) - £xt'p^^^^jj^^^iFy/k^M,Fy/k^Dy/k). 

With the notations of[0 Sxt'p^^^^^^^^ {Pv/k^M, Fy/k^Dy/k) is Sxt'j,^ {M, Vy). 
Let us show that 

£xt'T,^{M,Vy) = if and only if £xt'„^^^^_^ (M, Ot-(Y')) = 

Both of them are coherent sheaves on T*{Y') (|1.3.2p hence their respective 
vanishings may be checked on a flat covering U ^ T*{Y') of T*{Y'), which 
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since Vy is an Azumaya algebra over Ot*(y') (|1.3.2p . may be chosen to split 
Vy, that is {Vy)u := 7t*Vy ^ Mr{Ou), seeO Moreover tensoring, Olf ®Ou 
— , with the (71^^(0^/), C'w)-biniodule induces an equivalence between the 
categories of coherent Oj^-modules and coherent left Mr(C'w)-iiiodules. Note 
that the coherent sheaf (O^)* is sent to ®Ou i.'^uY - ^r{Ou) and let F 
be a coherent sheaf sent to the coherent left {T>y)u — Mr(Ow)-iiiodule Mu '■= 
'!T*M ~ Oil ®Ou ^- Then 

- ^xAiAOu)^Ol, ®Ou ^,01, ®Ou (C^)*) -Ou-mod ^xt^Ou^F , {Ol,)*) vanishes 
if and only if Ext^Q^ {F, Ou) vanishes if and only if 

^xt^Ou^Ol,®OuJ^.Ou) ^ £xt^(^^{Mu,Ou) ^ TT* £xt^a^^^^^^{M,OT'{Y')) vanishes. 

Proof of theorem 13.1. It Note that if the fiber of M at the generic point 
of 5* is non zero then M is non zero. Therefore by generic freeness [18, the- 
orem 14.4] applied to the associated graded to a good filtration on M and 
lemma 13.3.11 there is a dense open subset of 5* on which M is faithfully 
flat, hence Ms 7^ and {Fxjk(s))*Ms for all s G W. By proposition 
13.3.31 there is a dense open subset J7 of such that Ext^jj^ {AIs,DxJ = 
for all I n and all s G U which by proposition 13.3.41 is equivalent to 
Sxt^^^^^^ ^{{Fxjk(s))*Ms,OT*{x'^)) = for all Z n and all s € U. In partic- 
ular £xt'o^^^^,J£xt'a^^^^,J{Fxjkis))*Ms,OTAX'j),OTHX'j) = for aU / ^ n 
and all s U, implying by theorem 13.2.31 that for all s E U, {Fxjk{s))*^F is a 
pure non zero coherent Oy.jx') -module of dimension n, hence equidimensional 
of dimension n by 13.2.21 

Remark 3.3.5. The purity of the coherent ©^-.(x'j'module {Fxjk{s))*Ms 
guarantees that it has no embedded associated points. 

4 Reduction to A*^ 

It is convenient (see section [S]) to further reduce the proof of theorem 12.2.11 to 
modules on Ag. In order to do so we shall use the direct image of _Dx/s-modules. 

4.1 Direct image of modules for a closed immersion 

Let X/ S be smooth of relative dimension n. then the invertible Ox-nrodule 
^x/s '■— ^"^x/s endowed with a right Dx/s-module structure, defined via 
the Lie derivative [501 1.4(a)] (see also ^ 1.2.1]). Moreover for M a left Dx/s~ 
module and for N, N' right D^/s-niodules, N M (resp. 'Homo^{N,N')) 
is naturally a right (resp. left) Dx/s-module, [111 VI 3.4]. In particular, denote 
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by Mr the right Dx/s-module flx/s ^Ox ^ ^^'^ by iV; the left Dx/s-module 
T-LoniOxi^x/Si N)- In local etale relative coordinates {xi, a;„}, trivializing 
f^x/s, exchanging left and right, that is going from M to Mr and from N to Ni, is 
expressed by making a differential operator P — J^i Pid^ G ©/ Ox-d^ — Dx/s 
act through its adjoint P* := l)l-^l9^P/, where |/| is the length Ii + ... + /„ 

of the muhi-index /, gj 1.2.7]. 

Let Y/S be a smooth morphism of relative dimension m and let X — > K be 
a S-morphism. Then for a left Dy/g-module M, /*M := Ox (^f-^Ov f~^M 
is naturally endowed with a left _Dx/s-niodule structure, via the morphism 

Tx/s ^ f*TY/s dual to the pullback of differentials ri^/g < — /*r2y^g. In 
particular the pullback f*DY/s of the {Dy/s, £'y/5)-bimodule Dy/s is naturally 
a (i^x/Si /^^-C'y/5)-bimodule, noted Dx^y- 

Further suppose (see l2.4.I|) that X, Y and S are afRne. Then to a left Dx/s~ 
module M is associated the left Dy/s-module fo{M) := {f*{Mr <E)Vx Dx^y))i- 
Note that /q is compatible with base change. 

U X Y is a, closed immersion, then fo{M) is called the direct image 
of M by / and has the following description [Til VI §7]. In local coordinates 
{yii J/nj ^ri+i, J/m} of Y around a point of X in which X is described by 
{y-n+i = ••■ = ym = 0}, fo{M) is (Mr[9„+i, dm])i whcrc we omit /* and where 
Dy/s - 0/ Oy.d^ acts on Mr[a„+i, ...,5™] := (g)Os C's[c'„+i, ...,9^] on the 
right using the commutation rules of Dy/s and the restriction Oy — ^ f*Ox and 
one goes from left to right and vice- versa via the adjoint. 

Hence /o preserves coherence and if S is of positive characteristic the above 
description shows that the p-support of /o(M) is /^(/^ ^ {p-supp{M))) where 

M is a coherent left Dx/s-niodule, X' Y' is the closed immersion induced 
by / on the relative Frobeniuses of X and Y and we used notations of ll.4[ in 
particular is a closed immersion by 11.4.11 

4.2 Reduction 

Recall [^.4. 11 in particular X/S is smooth of relative dimension n and one may 

assume that X and S are affine. Hence for some to, there is a closed immersion 
/ 

X ^ A™ over S. Let M be a left Z^x/s-nrodule as in the statement of 12.2.11 
then foiM) is a coherent left Da^" /s-module (|4.ip and by compatibility of direct 
image with base change (|4.ip and [111 VI 7.8(iii)], it is holonomic at the generic 
fiber of S. Hence in view of the compatibility of /q with base change and the 
description oi p-supp{{fs)Q{Ms)) for a closed point s of S" given in 14. 11 theorem 
13.1.11 and lemma 11.4.31 further reduce the proof of theorem 12.2.11 to the case 
X/S = Ag. 
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5 A bound on degrees and ranks 



Thanks to 14.21 in the proof of theorem 12.2.11 one may restrict one's attention 
to modules M over 

In addition to the natural filtration p.2.ip . I?Ag/s has a filtration whose 
associated graded pieces are finite over S, the Bernstein filtration. We use it to 
refine part of the comparison p.l.ip between fibers of M at closed points and 
at the generic point of S. 

More precisely, we get an estimate (theorem I5.3.2p . bounding the degrees 
of the p-supports (for a suitable projective embedding) as well as the generic 
ranks, of the fibers at "almost all" closed points of a module M as above. These 
bounds are crucial in the proofs of theorems 16.1.31 and 12.2.11 

5.1 Bernstein filtration 

Let S — spec{R) (|2.4.ip and = spec{R[xi, ...,Xn]), then the ring of global 
sections of D^g/s is R[xi, ...,Xn]{di, ...,dn)/{[di,dj] = 0,[di,Xj] = Sij), the 
n-th Weyl algebra with coefficients in R, An{R). The filtration on A„(i?) = 
a, (3 multi-indices, by the total order in x and 5, BiAn{R) := 
®\a\+\i3\<i^^°''^^ called the Bernstein filtration. Note that the associated 
graded ring gr^ A.f^ (i?) is the i?- algebra of polynomials in the classes xi , Xn-, yi-, 2/^ 
of xi, Xn, di, dm respectively, graded by the order of polynomials. In par- 
ticular the BiAn{R) / Bi-iAn{R) are finite free modules over R. 

A good filtration F on a left A„(i?)-module M is an increasing exhaustive fil- 
tration on Af, compatible with B, which is bounded below and such that the asso- 
ciated graded module gr^AI is finite over the algebra of polynomials gr'^An{R). 
In particular the TiM /Ti-iM and hence the FjM are finite R-modules. Note 
that good filtrations exist on finitely generated left A„(i?)- modules, [9, Ch.l 
2.7]. 

Suppose that i? is a field K. Let M be a finitely generated left An{K)- 
module and let F be a good filtration on M . Then for I large enough, the 
function / i— >■ dirriK^iM coincides with a polynomial T-Lmx G QMj 13 Ch.l 
3.3]. Moreover, let d (resp. ad) be the degree (resp. the leading coefficient) of 
Hm.t, then d\ad is a non negative integer and d{M) := d and e(M) :— dla^ are 
independent of F and called the dimension and multiplicity of Af, respectively 
El p.8]. 

Lemma 5.1.1. Suppose that R is a domain and let M be a finitely generated 
left An{R) -module. Then there is a dense open subset U of S := spec{R) such 
that the functions s d{Ms) and s H> e(Afs) are constant on U . 

Proof: Let F be a good filtration on A/. Then by generic freeness [181 theo- 
rem 14.4], there is a dense open subset U of S such that for all /, (F; Af/Fi_iA^)[(7 
is free over U. In particular the (FiAf/Fi_iA'/)|t/ are fiat over U, hence for all 
I and ah set/, (TiM/Ti^iM), = (F; Af)^/(F,_iAf)s and (F)^ is a good filtra- 
tion on Mg. The lemma follows since for all s £ U and all /, dim^g){TiM)s = 
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Eil-oo d«mfe(,)(r,M),/(r,_iM), and 

d«mfc(,)(r,Af),/(r;_iAf), = dimfe(,)(r,M/r;„iAf), 
is the rank of the free module TiM/Ti-iMlu over U. 

5.2 Induced filtration over tiie center 

Let if be a field of positive characteristic p. Then the center ZA„{K) of 
AniK) = K[xi, ...,Xn]{di, ...,dn)/{[di,dj] = 0,[di,x-i] = 6ij) is the algebra 
of polynomials K[xi, ...,xf^,df, ...,8^]. It is graded by the degree of polynomi- 
als, where degree(x^) = degree{d^) — 1 and the associated increasing filtration 
is denoted C. The Rees ring i?„(C) of the filtered ring {ZAn{K),C) is the 
naturally graded ring CiZAn{K). Note that the graded algebra mor- 

phism K[to,xl...,xP,,dl...,dP] ^ Rn{C) ®Zo C^K[xl ...,xP,dl ...,0^] 
sending to ^ I £ CiK[xi, ...,xP^,df, ...,8^] and a;f(resp. dj ) a;f(resp. 9J) G 
CiK[x'^, ...,x^^,di, ...,d^] is an isomorphism. Keeping the same notation for 
to and its image under this isomorphism, the natural map Rn{C) / taRn{C) — >■ 
gr^ZAn{K) is an isomorphism of graded algebras. Note also that summing 
components induces an isomorphism Rn{C)(^toy^^^n{K) where Rn(C)(^ta) is the 
subring of degree elements of the graded ring Rn(C)tg. 

An increasing C-compatible filtration G on a ZA„(iir)-module M is said to 
be good if the associated Rees module TZ{M, G) := GiM over the Rees 

ring CiZAn{K) is finitely generated. This implies in particular that G 

is bounded below. Moreover one easily sees that a filtration G on M is good 
if and only if G is bounded below and the associated graded module gr'^M is 
finitely generated over gr'^ZA^iK), [TO", A:III 1.29]. 

Let r be a filtration on the left An{K)-modu\e M, then pT, ipT)iM := TpiM 
endows M with the structure of a filtered module over the center {ZAn{K),C). 

Lemma 5.2.1. Let T be a good filtration on the left An{K)-module M, then pV 
is a good filtration on M seen as a (ZAn{K),C) -module. 

Proof: Since F is bounded below then so is pT. Let's show that the 
gr'^ ZAn{K)-modu\e gr^^ M is finitely generated. For this let F be the filtra- 
tion on ZAn{K) induced by in particular degreepix^) = degreep{d^) = p 
and let F(r) be the i^-compatible filtration on M defined by F(F)/Af := 
TpmM, where pm is the greatest integer multiple of p such that pm < I. 
Note that class of (resp. 9J) iH- class of (resp. 9J) induces an isomorphism 
of if-algebras gr'^ZAn{K) — > gr^ ZAn{K) with which the if-module isomor- 
phism grP^M gr^^^^M defined by (pF)/M/(pr),_iM = Fp/M/Fp(,_i)M = 
F{T)piM / F{T)pi-iM is compatible. Hence gr^^ M is finitely generated over 
gr'''ZAn{K) if and only if gr^^^^M is finitely generated over gr^ZAn{K). Con- 
sider the finite exhaustive filtration of gr^^^^M by graded snh-gr^ ZAn{K)- 
modules, = (gr^(^)M)o C (gr^(^)M)i C ... C {gr''^'^'> M)p = gr^^^^M 
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such that (c/r^(r)M), n F{r)iM/F{T)i^iM is the image of the natural map 

rp(„_i)+iM/(F(r)i_iMnrp(™_i)+,M) ^ F(r)iM(:= rp„M)/i^(r)i_iMwith 

pm, as above, the greatest integer multiple of p such that pm < I. Denote by 
gr{gr^'^^)M) the graded c/r^ZA„ (X)-module ^'=l{gr^(^^ M)^/ [gr^'^^'i M),^i. 
Note also that gr^M seen as a module over gr^ Z An{K) ^ gr^An{K) decom- 
poses as a direct sum of graded sub-(7r-^Zy4.„(if )-modules ^^iZi{9^^ where 
{gr^M)i := 0igz grJJ';^-M and let F^gr^M be the graded .gr-^ZA„(ii:)-module 

0^~^(5r'"M)i[i — p]- Then for all i, the morphism of graded gr^ ZAn{K)- 
modules (gr^(^)M),/(gr^(^)M)j_i ^ {gr^ M).i[i-p] induced by rp(,„_i)+jA'f 
{gr^ M)i[i—p\ in degree pm = [gr^ M)i in degree p(m — = 5''p(m-i)+i-^ 
an isomorphism. These induce an isomorphism of graded (7r^ZA„(iir)-modules 

gr{gr^^'^"i M) ~ F^gr^M. 

Since gr^M is finitely generated over gr'^An{K) by hypothesis and gr^An{K) = 
iv:[a;i, ...,Xn,yi, ■■■,yn] is finite over gr^ZA„(i^) = i^fxf, ...,xP,y{, F^gr^M 
is finitely generated over (7r^ZA„(i4r). Then gr^^^^'M has an exhaustive finite 
filtration whose subquotients are finitely generated over gr^ ZAn{K), hence it 
is finitely generated, giving the lemma. 

Let M be a left A„(iir)-module and let F be a good filtration on M. Since pT 
is a good filtration on the (ZA„(iir), C)-module M (|5.2.ip the Rees module of 
(M, pF), which is a finitely generated graded module over the Rees ring Rn{C) ~ 
i^[to, 2;^, xfj, 9f , 9^], has a Hilbert polynomial 'Hn{M,pT)- The latter can 
be computed in terms of the Hilbert polynomial of (M, F) and in particular one 
gets the degree and leading coefficient of 'Hti(m,pT) iii terms of the dimension 
and multiplicity of M. Indeed, 

Proposition 5.2.2. Let M he a left An{K)-module and let T be a good filtration 
on M . Then the Hilbert polynomial 'HTz{M,pr)it) of the Rees module of {M,pT) 
is 'HM,r{pt). In particular, the degree of 'M.'R.{M,pr) is d{M) and its leading 
coefficient times d{M)\ is e{M)p'^^^''\ 

Proof: For I large enough, the Hilbert polynomial HmtH) coincides with 
I I— >■ diruK^iM while 'Hti.(m .pV){^) does so with I dimK{p^)iM — dimx^piM . 
The proposition follows. 



5.3 The bound 

There is a geometric picture of the Rees construction in which the affine scheme 
spec{ZAn{K)) = spec{Rn(C) (^tgj) is identified with the affine open D+(io) as- 
sociated to to in the homogeneous prime spectrum Proj{Rn{C)) of Rn{C) 
2.4.1] and in which its complement, the reduced closed subscheme V+(to) is iden- 
tified with the closed subscheme Proj{gr^ ZAn{K)) — Proj{Rn{C) /tQRn{C)) of 
Proj{Rn{C)), [m 2.9.2 (i)]. Making these identifications, let G be a good fil- 
tration on a finitely generated (ZA„(iir), C)-module M then the coherent sheaf 
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TZ{M,G) on Proj{Rn{C)) extends M and its restriction to the complement 

Proj{gr^ Z An{K)) of spec{Z An{K)) is isomorphic to gr^M. Moreover it's easy 

to see that the support of TZ{M,G) is the closure of supp{M) in Proj{Rn{C)). 
Note that here 

ProjiRr.{C))^Proj{K[to,x{,...,xP,dl...,dP])c^F^^, 

spec{ZAr.{K)) ^ spec{K[xl ...,xP,dl ...,dP]) ^ A^j^ and 
Projigr^ZA^K)) 2. Proj{K[xl ...^x^^dl ...,8^]) ^P^j^^'K 

The leading coefficient of the Hilbert polynomial of TZ{M, G) is related to the 
top-dimensional irreducible components of its support through the following, 

Proposition 5.3.1. Let Y ^ be a closed subscheme and let T be a coherent 
sheaf of dimension d on Y . Set /x(J^) := dlad where ad is the leading coefficient 
of the Hilbert polynomial of T with respect to i. Then 

j:,rk,{T)deg({I}) < fiiT) 

where the sum is over the generic points of the d-dimensional irreducible com- 
ponents of supp{F), rkz(J-) :— dim^z){^z ® k{z)) and deg({z}) is the degree 

— — —red 

of {z\ with respect to i. 

Proof: By |31 lemma B.4] and [23, 5.3.1], /i(J') = Y.^lengthoY A^z)l^{0-^..a 
summing over the generic points of the d-dimensional irreducible components 
of supp{!F). Let z be as above, then by additivity of the length under short ex- 
act sequences lengthoY A^z) ^ l^'>T-9thk{z){J^z ® k{z)) = dimf^(^^-f{Tz ® k{z)) =: 
rkz{J-)- This gives the proposition since deg{{z}) := /x(0j-^red). 

Theorem 5.3.2. Let S be an integral scheme dominant and of finite type over 
Z and let M be a coherent left Df^n^g -module. Suppose that the fiber of M at 
the generic point of S is a non zero holonomic left D-module. Then there is 
a dense open subset U of S such that for each closed point u ^ U and each z 
generic point of an irreducible component of p-supp(M^) 

deg({z}) < e{M) and rfc^M^) < e{M)p" 

where e{M) is the multiplicity for the Bernstein filtration of the fiber of M at 
the generic point of S, deg{{z}) is the degree of the reduced closure of the image 
of z in IP^"„) by the open immersion of the Rees construction and rkz{Mu) := 
dimk(z){{FAr^/k{u)^Mu)z ^ k{z)). 

Proof: The proof reduces to the case S is integral and affine — spec{R). 
Hence it is equivalent (|1.2.2p to consider a finitely generated left An (i?)-module 
M. By 15.1.11 there is a dense open subset Ue of S such that for each closed 
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point u S Ue, d{Mu) = n and e(M„) = e(M). Then for such a u set p := 
char{k{u)) and let F be a good filtration on the left A„(fc(M))-module M„. 

Bj^]r^'R.{Mu,pT) is of dimension n and At(7^(M„,p^)) = e{M)p'^ . Hence 

since supp{TZ(Mu,pT)) — p-supp{Mu) in which p- supp {Mu) — p-supp(Mu) n 

spec(ZA„(if)) is open, ISXTl gives i;3rA;2(M„)cie5({z}) < e{M)p^ where the 

sum is over the generic points of the n-dimensional irreducible components of p- 

supp(M„), which are all its irreducible components if u G ?7 C J7e where U C Ue 

is a dense open subset provided by theorem l3.1.1l In particular for each z generic 

point of an irreducible component of p-supp(M„), rkz{Mu)deg{{z}) < e{M)p^. 

Moreover F^n /k(u)^,Mu being a left module over an Azumaya algebra of rank 

pX^ . (FA„/fe(„)^M„)^(8)'fc(I) is by [H 5.1 (i)] a left module over Mp^ (k{z)), 

where k{z) is an algebraic closure of k{z). Hence there is a finite dimensional 


fc(z)-vector space V such that (-FA"/fe(M)^Afti)z ® k{z) ~ k{z) ®~k{z)'^ where 



k{z) is the standard left Mp»i (A:(z))-module. In particular 

rkz{Mu) ■■= dimk(z){{FK^ /k(u)^Mu)z®k{z)) = dim^^{{FA^/k(u)^Mu))z'E)k{z)) 

is divisible by p", thus proving the theorem. 



6 The Brauer group and differential forms 

Here we prove, in a first part, that "the Azumaya algebra of differential operators 
splits on the regular locus of the p-support of a holonomic P-module, for p large 
enough" (theorem 16. 1.4p . 

In a second part, we consider a map arising from the p-curvature exact 
sequence p.Sp . which sends 1-forms to the Brauer group. It maps the canonical 
form to the class of the Azumaya algebra of differential operators (prop. I6.2.4p 
and we describe its kernel (prop. 16.2.31) . 

6.1 Splittings of Azumaya algebras on the support of mod- 
ules 

Let y be a scheme and let A be an Azumaya algebra on Y. Since ^ is a coherent 
Oy-module, it is a coherent noetherian ring and a left ^-module is coherent if 
and only if it is coherent as an Oy-module. The Azumaya algebra A is said to 
split on Y if its class [A] in the Brauer group Br{Y) of Y \2A, §2] is trivial. 

Let M be a coherent left ^-module and let z be the generic point of an 
irreducible component of the support of the coherent Cy-module M. The next 

proposition relates rfcz (M) (|5.3.1I) to the order of [^|^-j^red^^^^] in Br{{{z} y^^). 
Let us first prove a lemma. 
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Lemma 6.1.1. Let Y he a scheme and let A he an Azumaya algehra of rank r 
on Y . Suppose that A acts on the left on a locally free sheaf V of rank v. Then 
r divides v = Ir and l[A] =0 in Br{Y). 

Proof: By hypothesis there is a morphism of Oy-algebras A Endoy C^), 1 '-^ 
1. It is injective by [21[ 0.5.5.4] since the fiber of A at each point of F is a simple 
algebra [Ml 5.1 (i)]. Therefore one may view ^ as a subalgebra of £'nc?c)y(V) 
and in particular consider Cgndo (V)(-^) the commutant of A in f ndo-j, (V), 
which is a coherent subalgebra of EndoYi^)- By [1, theorem 3.3], the natural 
morphism of Oy-algebras A(!S)OY^£ndoY(v){^) ~^ £ndQY{V) is an isomorphism 
and Csndoy (V) (-4) is an Azumaya algebra on Y . Hence by the behaviour of ranks 
under tensor products, Cgndo (V){^) is of constant rank I, v — Ir. By definition 
of the Brauer group = [SndoyiV)] = [A] + [Cf™^^^ (V) (-4)] in Br{Y). The 
lemma follows since for each Azumaya algebra B of rank n on y, = in 
Br{Y) m §2] giving = l[A] + l[CsndoYivM)] = ^[-^] in Br{Y). 

Proposition 6.1.2. Suppose that Y is of finite type over a field K. Let A he 
an Azumaya algebra of rank r on Y , let M he a coherent left A-module and let 
z be the generic point of an irreducible component of supp{M). Then r divides 
rk^{M) = lziM)r and 

UM)[A\^-^..yJ^O 

in Br(({I}'^*"')'''='?). 

Proof: Since the vector space (8) k{z) is of dimension rkz{M) and acted 
upon on the left by the rank r Azumaya algebra Az ® k{z), lemma |6. 1 . II implies 
that rkz{M) = lz{M)r and lziM)[Az k{z)] = in Br{k{z)). Moreover since 

Y is of finite type over a field, so is {z} and ({z} ^ {z} is a non 

empty open subscheme by [23, 6.12.5]. Hence Az ® k{z) = {A\-7-^<'<i) z ® k(z) = 
{A\^j^7;!d^^^^)z <S)k{z) and the proposition follows from the canonical embedding 

Br{(M'''''^Y''^) ^ Br{k{z)) fSi", IV 2.6]. 



The above proposition combined with the second estimate of theorem 15.3.21 
leads to the 

Theorem 6.1.3. Let S be an integral scheme dominant and of finite type over 
Z and let M be a coherent left Dp^n/g -module. Suppose that the fiber of M at 
the generic point of S is a non zero holonomic left T>-module. Then there is 
a dense open subset U of S such that for each closed point u € U and each z 
generic point of an irreducible component of p-supp(My^) the Azumaya algebra 

Proof: By theorem l5.3.2l and using its notations, there is a dense open subset 
Ub of S such that for each closed point u E Ub and each z generic point of an 
irreducible component of p-supp(Mt,), rkz{Mu) < e{M)p"' wherep := charkiu). 
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Moreover by proposition 16. 1.21 rkyXMu) = h{Mu)p"' < e{M)p'^, thus h{Mu) < 
e(M) and l,{Mu)[Ft,r. ,k(^)^Dt,r.^J^-^...^^J = in Br(({I}"'')-ff). Note that 

by definition lz{Mu) ^ and hence for u e [/ the open dense subset of [/& 
defined by inverting all the primes < e{M), lz{Mu) and p" are coprime, that is 
there are integers a and b such that 1 — a.lz{Mu} + h.p^ . Since Fp^n /j,(„-)^Da^^ ^ 
is of rank p", p"[i^A"/fc(«)^£'Aj(^) |(j^"d)„J by [24, §2] and the theorem 
follows from [Fa./m«)*^a^(„) = l[-^A"/fc(«)*^A^(„, l({I}-'')™J 

= in Br(({I}"'')"ff). 

As in 14.21 theorem 16.1.31 implies the apparently more general 

Theorem 6.1.4. Let S be an integral scheme dominant and of finite type over 
Z, let X be a smooth S -scheme of relative dimension n and let M be a coherent 
left Dx/s'-i^odule. Suppose that the fiber of M at the generic point of S is a 
holonomic left V -module. Then there is a dense open subset U of S such that for 
each closed point u E U the Azumaya algebra Fx^/k(u)^F)Xu on T*[X'^) splits 
on {p-supp{Mu)Y^^ ■ 

Proof: By [H 2.1] apphed to the Zariski site and |23l 21.11.1] the case 

z = 2 of lemma 16.1.51 below implies that on a regular (noetherian) scheme 

for an Azumaya algebra to be split is a Zariski local condition. Therefore 

by remark 12.4.11 one may further assume that S and X are regular integral 

/ 

and affine and in particular that there is a closed immersion X ^ A"^ over 
S. Specializing to a closed point u of positive characteristic p of S" it follows 
from the description oi p-supp{fo{Mu)) in l4.1l and from [531 17.5.8(iii)] being 
smooth that p-supp{fo{Mu)Y''<^ = f^{f^^\{p-supp{Mu)Y''9)). Moreover by [3 
3.7] fd*iFxjk(u),DxJ splits on f'-\p-supp{M^Y'o) if F^™ /,.(„) ^Da-„, splits 
on p-supp{fo{Mu)Y'^^ ■ Since by lemma ri.4.11 Zariski locally admits a sec- 
tion there is a Zariski open covering of X' above which the pullback of Brauer 
classes /^* is injective and therefore to split being Zariski local on a regular 
noetherian scheme, /^* induces an injective morphism Br{p-supp{MuY'^^) — >■ 
Br{f'-\p-supp{MuY'a)), So Fx^/k{u)Dx^ splits oup-supp{M^Y'a if F^../k^^-,^Dj,^^ 

splits on p-supp{fo(Mu)Y'^^ ■ Note that if the fiber of M at the generic point 
of S is zero the theorem holds by remark 12.4.31 and that a regular noetherian 
scheme is the sum of its irreducible components by [lU 2.1.9(iii)], in particu- 
lar an Azumaya algebra splits on a regular noetherian scheme if and only if it 
splits on its irreducible components. Thus since bv l4. li the fiber of fo{M) at the 
generic point of S is non zero if so is that of M and since fo{M) satisfies the 
other hypotheses of l6.1.3l bv l4.2l[6.1.4l reduces to theorem 16.1.31 

Lemma 6.1.5. Let Y be a noetherian scheme. IfY is locally factorial then the 
Zariski cohomology H^{Y, Oy) — for all i > 2. 
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Proof: By definition of the slieaf Vivy of Cartier divisors there's an exact 
sequence of abelian sheaves Oy ICy Vivy ^ on y where ICy is the 
sheaf of meromorphic functions and Oy IC'y is the natural injection. If Y is 

locally factorial then it is the sum of its (finitely many) irreducible components, 

f- 

each of which is integral [211 4.5.5]. Hence if Yi ^ Y is the open immersion of 
the z-th irreducible component then ICy = Ili/i^/C^. where ICy is isomorphic 
to the constant sheaf associated to k{yi)* for yi the generic point of Yi. In par- 
ticular JCy is flasque. Since Vivy is flasque by [23l 21.6.11], ICy — > Vivy is a 
flasque right resolution of Oy. This gives the result as sheaf cohomology may 
be computed using flasque resolutions. 



6.2 The Brauer group via the p-curvature sequence 

Let y be a smooth equidimensional scheme over a perfect field K of posi- 
tive characteristic p. Composing the coboundary morphisms of the etale coho- 
mology long exact sequences of the two short exact sequences of etale sheaves 

on y, — Gsm/yi > F/K^^m/Y * ^ I'^^F / K ^dlog -T- and — 

cokerF/K ' > F / k {Vly j j^) > ^y'/x ^ deduced from the 

p-curvature exact sequence (|1.5p 

Gm/y > P/K^^m/Y > F / K .^,Z^ {^Y / k) ^ ^'^^ > ^Y'/K ^ 0' 

one gets a morphism 7?°(y , ily,^^,) H^{Y' ,cokerF/x* — ImF/x ^dlog) — 
H'^iy' ,G ^/yi) which by construction factors through 

H^{Y',n\.,jK) ~» cokerH^{W* - Cy) kerH^{F/K*) ^ H^{Y' ,Gm/Y'), 

where H°{Y',nl.,/j^) cokerH^{W* -Cy) and kerH^{F/K*) ^ H^(Y',G^/y,) 
are the canonical coker and ker morphisms. Since by j28i 2.1] the canoni- 
cal embedding Br{Y') ^ H'^{Y' ,G ^/yi) [211 2.1] is an isomorphism on the 
p-torsion (:= the kernel of multiplication by p) Br{Y')p^H'^{Y' ,G ^/yi)p = 
kerH^{F/x*)i this leads to a morphism 

(t>y : H^{Y\ 9}y,/j^) cokerH°{W* - Cy) ^ Br{Y')p C Br{Y'). 

Remark 6.2.1. Here's another description of o!)v|35[ Rem. 4.3]. Let a G 

H°(Y\ nl.,^^)^ then 0y(a) = [sUFy/K^Dy)] G Br{Y') where Y' T*{Y'/K) 
is the section of T*{Y' / K)/Y' corresponding to a (|1.4p . 

It depends functorially on Y, namely 

Lemma 6.2.2. Let Z —¥ Y be a K -morphism of smooth K -schemes and let 
a e H^{Y',n\.,/j^), then f'*(l)y{a) = (j)z{{f'*)'"^a) where f* on the left (resp. 
on the right) is the pullhack of classes in the Brauer group (resp. pullhack of 
forms) by f. 
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Proof: Bymi </'z((/'*)"'^«) = [sy,,^..jFz/K,Dz)] and [sy,,y.jFz/K ,Dz)] 
[{f^o Z Xy Sa)*{Fz/K ^Dz)] since S(/,.).d„ = /^oZxys„ (HH). Moreover by 13 
3.7], [f:i*iFz/K,Dz)] = [/r (Fy/^^Dy)] hence [(/^ o Z Xy s^y{Fz,KDz)] = 

[{ZXYS^Yf';{Fz/K,Dz)] = [{ZXYS^Yr,*{FY/K,DY)] = moZxYS^r{FY/K,D, 
[{Sc,ofnFY/K,DY)] = [f*Sc.*{FY/K,DY)] = /'* (Fy/^-^i^y)] - /'*0y(a) 
by 16.2. II and using the equahty f'^ o Z Xy — Sa° f ■ 

Further diagram chasing through the cohomology long exact sequences gives 
control over the kernel of 0y, say Zariski locally, 

Proposition 6.2.3. Suppose further that Y is affine. Then there is an exact 
sequence (compatible with restriction to affine open subsets) 

Pic(Y) ->■ cokerH°{W^ - Cy) ^ Br{Y')p 0. 
Proof: It is a special case of [281 1.7]. 

For Y — T* X where X is a smooth equidimensional i^-scheme, (f'T-'X re- 
lates the canonical 1-form 9x' on T*{X') to the class of the Azumaya alge- 
bra Fx/K^F)x in Br{T*{X')). Indeed, note that the pullback of forms 

^*^x/K ~^ ^X'/K P-5P is an isomorphism [231 16.4.5] hence induces an iso- 
morphism {T*Xy T*{X'), use it to identify {T*Xy and T*{X') and denote 
the resulting ii'-scheme T*X', then by [35, prop. 4.4 and 4.2] we have the 

Proposition 6.2.4. (pT*x{Ox') = [Fx/k^Dx] G Br{T*X'). 

7 Lagrangianity 

In this section, we complete the proof of the main theorem 12.2.11 

Namely, the first bound of theorem 15.3.21 allows one to construct a smooth 
compactification of an open dense subset of the p-support (prop. I7.2.ip . "uni- 
formly in p", by reducing the problem to characteristic zero. From the descrip- 
tion of the canonical form restricted to the p-support in terms of the p-curvature 
operator, given in section [B] and the analysis of the latter's action on the order 
of poles of differential forms (prop. I7.3.ip . we get that the symplectic form has 
logarithmic poles along the boundary of the above compactification. We then 
conclude using Hodge theory in characteristic zero (|7.4I) . 

7.1 Poles and logarithmic poles 

Let 5* be a scheme, let F be a smooth S'-scheme and let D he & closed subscheme 
of Y. The closed subscheme D is said to be a divisor with normal crossings 
relative to S if there is an etale covering 14 ^ Y and at each point u G W 
local etale coordinates {ui, ...,it„^, } : V^, — A^" in which the closed subscheme 
Tr~^D := UXyD is described by the equation ui...Ur^ = for some r^, < n^^. The 
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notion of divisor with normal crossings relative to the base is stable under etale 
localization on Y and base change. Note that the ideal sheaf I C Oy defining D 
is invertible and set for an C^module T and n € 1^, T(nD) := J^0ci_X®'^~^~"-' . 

Then the inclusion Y ^ Y of the open subscheme Y ~ D is affine and if m is 
a nonnegative integer there is a canonical embedding 17^^^ (nZ?) ^ j*^Y/s 

sending 77 (g) i-^. rj\Y /t^ where 77 and t are respectively a local section of 

^Y^g and a local equation of D. We use this embedding to view {ly^g{nD) as 
a subsheaf of j:»f2™yg. Note that by noetherianity and \Z1\ 1.4.1 cl)], for every 
local section rj of j*^Y/s there is an n such that 77 e 17^^^ (nZ?). 

A local section of j^^y/s '^tiich is in Vly^g{nD) is said to have poles of 
order at most n along D. One defines [TBI II §3] a subcomplex [Qt^ {logD),d) 
of j*(0y^g,£iy/5) by the condition that a local section rj oi j^^^y/s belongs to 
n^^g{logD) if and only if 77 and {j*dY/s)v have poles of order at most 1 along 

D. It is called the logarithmic de Rham complex of D C Y /S and a local section 
of j*r2yyg which is in ily^^{logD) is said to have logarithmic poles along D. 
Moreover in local etale coordinates {ui, in the neighborhood of a point 

V € U ^ Y where as above tt is an etale covering and tt~^D := U Xy D is 
described by the equation ui...Ur^ = for some r„ < n^, fty^^^logD) is free 
of basis {dui/ui, dur^/ur^ , c?Ur„+i, du„^}, hence for all m, fl^ JlogD) = 
t^_^Y I gilogD) and the Oy- module ny^^{logD) is locally free of finite type. 

7.2 Compactification of the p-supports 

Let us fix coordinates on — spec(Z[xi, x„]). For any scheme S they induce, 
compatibly with base change, coordinates on hence on T*(Ag), as well as 
an open immersion r*(Ag) ^ P|" (by the Rees construction associated to the 
increasing filtration by the order of polynomials, see 15.21 and 15. 3p . Moreover 
if S is of positive characteristic, the choice of coordinates induces base change 
compatible identifications Ag' = Ag and T*(Ag') = r*(Ag). Note also that 
if S is the spectrum of a field of positive characteristic, the open immersion 
T*(Ag') = r*(Ag) A P|" matches that oflOl 

Provided the above open immersions and identifications, here are some con- 
sequences of the first estimate of theorem 15.3.21 

Let S be an integral scheme dominant and of finite type over Z and let M 
be a coherent left D^g /s-module. Suppose that the fiber of M at the generic 
point of iS* is a non zero holonomic left 2?- module. Then by theorem 15. 3. 21 there 
is a dense open subset U oi S such that for each closed point u & U and each 
z generic point of an irreducible component of p-supp(Af„), the degree of the 

reduced closure {r(z)} of the image of z G ^*(-'^fc(ti)) the open immersion 

T*(A;!|^j) = T*{Kl^^^) A P2^„) is bounded above independently of u (by e(M) 
the P-module multiplicity for the Bernstein filtration of the fiber of M at the 
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generic point of S). Hence since the k{u) are perfect, by [131 4.6.1, 4.2.8] and 
the invariance of the Hilbert polynomial under fields base change, |25[ 2.4 and 

2.1(b)] imply that the Hilbert polynomial of {r{z)} belongs to a finite set <I>, 
independent of u. 

Let 'He{M) '■— Ifpe*'Hi/&p2„ where T-Lilb^-i^ is the Hilbert scheme of of 

index P p. 17] and let Zf.(^M) C P|" x spec(z) 'He(M) be the associated universal 
flat closed subscheme. Then by [551 3.2] Tie^M) is projective over spec{Z), in 
particular it is noetherian. 

The first estimate of theorem 15.3.21 is used in the proof of the main theorem 
(|2.2.ip through the following 

Proposition 7.2.1. LetT be a noetherian scheme and lefH^^^f^iyT '■— T^e{M) ^specZ 
T. Then there are a strictly positive integer N and a finite partition o/'He(Af).T[l/-^] 
into locally closed irreducible subsets Si such that if the Si are endowed with their 
reduced subschemes structure and Zi := .Ze(M) '^'H^{m) then for each i, the 
generic point of Si is of characteristic zero and there are a smooth open subset 
Ui C Z'^'^'^ surjecting onto the base Si and an open Si-immersion UiriT*{Ag,) —: 

yi ^ yi into a smooth projective Si-scheme which is the complement of a divisor 
Vi with normal crossings relative to Si. 

Moreover, for each i, let 9i be the restriction of the canonical form O^n j^, 
on r*(A^.) to yi. Then the Si can also be chosen such that dOi has logarithmic 
poles along Vi as soon as there is a fiber on which it has logarithmic poles and 
such that if dOi vanishes on the generic fiber of yi then it vanishes on the whole 

ofy^. 

Note that by noetherianity, there is a nonnegative integer m such that for 
each i the restriction Oi of the canonical form 9j^n jg. on T*{K^,) to yi has poles 
of order at most m along T>i . 

Proof: Let us consider the analogous statement, with T-Le(M),T replaced by 
one of its subschemes and note that its fulfillment for {'He{M),TY'^^ implies the 
proposition. Hence it is enough to prove the statement for all reduced closed 
subschemes of 'He(M).T- Let S be such a scheme. By noetherian induction on 
the set of reduced closed subschemes of %e{M),T satisfying its conclusion, one 
may assume that the statement holds for all reduced closed subschemes of S 
whose underlying space is ^ S. There is a strictly positive integer N such that 
the generic points of the irreducible components of iS[l/A^] are of characteristic 
zero. If S[l/N] is empty then the statement holds. Suppose thus that S[\/N] 
is not empty. Let z ^ S[l/N]he the generic point of an irreducible component 
and let Z^ be the fiber of {Z^(m) Xu^^m) S[1/N]Y'''^ at z. Then Z^ C P^^^^ is 
a scheme of finite type over k{z), a field of characteristic zero, it is reduced by 
|231 8.7.2 a)] and hence contains an open dense A:(z)-smooth subset U C Z^ hy 
[531 17.15.12]. By the resolution of singularities in characteristic zero, there is 

an open immersion Y '^Y of the quasi-projective variety Y := U HT* (A^^-^) C 
P^?^N into a smooth projective scheme Y over k{z) which is the complement of a 
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divisor D with normal crossings relative to k{z). Hence by |23l 8.10.5 and 17.7.8] 
there is an open affine neighborhood T of z, which can be chosen, integral by 
|211 2.1.9(ii)] since S is reduced and such that there is a non-empty smooth open 
subset U C x-h^^m-, TY'^'^ surjecting onto T as smooth morphisms are 

open and an open T-immersion Z//nT*(A!^) =: y ^ y into a smooth projective 
7"-scheme which is the complement of a divisor V with normal crossings relative 

to r. 

Let 9 be the restriction of the canonical form Of^r^^j- on T*{AVf-) to y. If dd 
vanishes on the generic fiber of y then there is a dense open subset ^ C T on 
which d9 vanishes, d9\yn^^ — 0. If dO does not vanish on the generic fiber of 3^, 
then set V := T- There is also a dense open subset W C V such that d9\y^^^^ 
has logarithmic poles along as soon as there is a fiber on which it has loga- 
rithmic poles. Indeed, since having logarithmic poles is an etale local condition, 
one may assume that {y\v,'D\v) = (A^ = spec{V[yi, ...,yn]), {yi--yr = 0}) for 
some < r < n and one concludes by considering the vanishing loci in V of the 
remainders of divisions by the yj's. 

By noetherian induction the statement holds for the reduced closed sub- 
scheme of S whose underlying space is iS — H^. Hence combining with the above 
on W, the statement holds for S. This proves the proposition. 



7.3 Action of the p-curvature operator on the order of 
poles 

Let F be a smooth scheme over a field k of positive characteristic p, let D he a. 

divisor with normal crossings relative to k (|7.ip and letY'^Y be the inclusion 
of the open subscheme Y — D. Base changing by the Frobenius endomorphism of 
k, one sees that the closed subscheme D' C Y is a divisor with normal crossings 

relative to k and that Y' '-^ Y is the open subscheme Y ~ D' . Suppose that 
Y is equidimensional and let Xm{W* — Cy) be the image of the morphism 

^^i-^/k^^y/k) ^ — ^y'/fc abelian sheaves on (|1.5p . 

Then there's the following inclusion of abelian subsheaves of j'S^i 

Proposition 7.3.1. 

d[^,l^{{v - \)D')r\3':Lni{W* - Cy)) C ^, i^{logD') 

Proof: Let 77 be a local section of - 1)D') n j'Jim^W* - Cy) C 

J*^^y//fe and ^ Y be an etale covering as in the definition of a divisor 

with normal crossings (|7.ip . Since the pullback tt'*/; is a local section of 

1)^"'^') n j^,Im(W^* ~ Cu) 

where ju is the open immersion U — n^^D ^ U and since being a section of 
[logD') is an etale local condition, one may assume that at each point 
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y € Y there are local etale coordinates {yi,...,y„} : Vy — ?> in which the 
closed subscheme D is described by the equation yi...yr = for some r < n, n 
and r depending on y. 
Let us prove that 

n'y,^^{{p - l)D')nj:im{W* - Cy) C jlB'n'y,^^ + ^l^, ^^{logD') 

where B^^lyi/f. ■= im{OY' — > ^y'/fe) £^re the exact 1-forms. It imphes the 
proposition. Let 77 be a local section of j'^Ira{W* — Cy), by lemma [7.3.2l b elow 
the canonical inclusion 2mjl{W* — Cy) ^ jl^rn{W* — Cy) is an isomorphism 
hence locally there is a section of such that 77 = jl{W* — Cy)(. 

Moreover if a local section C of jiZ^{F/k^^Y/,^) C i*J^/fc,f^y/fe = F/kJ*^Y/k 
does not belong to F/j^^VLy^J^^ij) — 1)D) then as Cy is p~^-linear and sends 
Z\F/t,n'-^^) to nl,,^^, 77 = UW*~Cy)(: does not belong to n^-, ^^[{p~l)D') 

[291 0.2.5.4]. Note also that the etale coordinates {7/1, 7/„} : Vy — ?> above 
determine a splitting on Y' n Vy of the canonical short exact sequence 

B\F/U^^l'y/^,) ^ Z\F,k^^'yff,) ^ ^\.,/^ ^ 

given in terms of local sections by ^yi/j. — > : 'Sl'z^aidyl 1— >■ 

'^1=1 P/ k* {o-i)yi^~^ dyi. It induces a splitting on 1^' of the direct image of the 
above short exact sequence and hence a local section ( of j^Z^(F/fe_^f2y^j,)|yj 

may uniquely be written as a sum C = /3 + '^iZiF/k*io,i)yi'^^^dyi where /3 is a 
local section of and the a^'s are local sections of j'^Cy/. Note fi- 

nally that if C is a section of F/f.^ily^^{{p—l)D) then so is Yi^l^F j f^* {ai)yiP~^ dyi 
and that if T^l'Zi F/ k* {ai)yiP^^ dyi is not a section of F/i;^fly^^{lD) then it is not 
a section of F/ ^fly ^ ^{{p — l)D) cither. Indeed the proofs of both assertions re- 
duce to {Y,D) — (A^ — spec{k[yi, y„]), {yi...yr = 0}) with etale coordinates 
{yii 2/n} since the puUback by {y^, y^} : Vy — A^ preserves the splitting 
and the order of poles. There the second assertion is a direct consequence of 
the factoriality of rings of polynomials with coefficients in a field while the first 
can be proved as follows. 

Let ( = dg + Yj\1^F / k* {ai)yi^~^ dyi be the above decomposition of a closed 
form on an affine open {/ ^ 0}, for a rational function g and a polyno- 
mial /. Suppose that C £ F/kn^yi^{{p-l)D). Then ^^^^F/^* {a,)y,P'Hy, £ 

F/k^^Y^j^((p — 1)-D). Indeed, multiplying by a high enough power of /p, one 
may assume that C is a global section. Moreover by uniqueness of the de- 
composition and the corresponding splitting for forms without poles, one may 
also assume that dg = Yi\l^di{g)dyi and ly^lF/iJ' {ai)yi'P^^dyi are sections of 
F ^^{pD). Further using uniqueness of the decomposition and the splitting 

for forms without poles, and multiplying by {'yi...y^Y, if T.^jZ^F {ai)yiP~^ dyi 
was not a section of F/^^rii^ ((p — 1)D) then there would be an i such that 
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yi...yr divides di{g) + F/k*{ai)yiP ^ but not F/k*{ai)ytP \ where g and are 
polynomials. In particular there should be 1 < j < r such that j ^ i and 
yj divides di{g) + F/i^* {ai)yiP~^ but not F/].* {atjyi^^^ . Expressing as polyno- 
mials in yj and considering the degree zero terms would provide an equality 
di{go) + F/ {{ai)o)yiP~^ = with (0^)0 7^ 0. Since this cannot happen in char- 
acteristic p, the assertion holds. 

Hence if C = /? + ^Iz'^F/^* ia,)y^-^dy, belongs to F/kn^^^Hp - 1)D) 

then El=^F/k*{a,)y,P-^dy, is a section of Ffkn^/^{ID) n j'.Z^iF/kn'y^f,) C 

Z\F^k,^'y/,{logD)). Thus 

V = jiiW* - Cy)C = jiiW* - Cy){P + ^'alF/k*{a{)y^-^dy{) 

= UW*)P + UW* ^CY){^CiF/k*{a^)y^^-'dy.) 
is a section oi j'^B^Vty, + ^y, ^JJ,ogD'), as Cy preserves forms with logarith- 
mic poles [31, 7.2]. This concludes the proof of the proposition. 

Lemma 7.3.2. The canonical inclusion Im{jl{W* — Cy)) ^ j'^Im{W* — Cy) 
is an isomorphism. 

Proof: The exact sequence of abelian sheaves on Y' (|1.5p 

provides two short exact sequences 

^ cokerF/k* '-^1^^ Z^F/k^'y/^) '^*~^^) Im{W* - Cy) ^ Q 

and 

-J> Oy, F/k^Oy cokerF/k* ^ 0. 

The associated long exact sequence to the first one 

^ j^cokerF/^; fX{F/,n'y/,) ^'^^"^^ jiIm{W*-Cy) ^ R'jlcokerF/, 

shows that the lemma follows from the vanishing of R^j'^cokerF/iJ* which in 
turn by the long exact sequence associated to the second short exact sequence 

... -> R^j:0*y, ^ R^UF,kO*y) R^j'^cokerF/k* ^ R^j'^Op, ^ ... 

would follow from the vanishings of R^ji{F/k Oy) and R'^j^Oy,. Since the 
direct image F/^. preserves flasque sheaves and is exact as is a homeomor- 
phism, RiF/k^{G) = for all abehan sheaves G and aU g > by III 8.3] 
and i?ij:(F/,*Of ) - i?i(j:oi^/fc J(05.) = R\F/k^oj,){0*y) - F,k^R^j,{0*y). 
Hence by [H 17.15.2 and 21.11.1] both R^j'^iFju^O'^r) ^ F/k^R^j^O^) and 
R'^jiO^, vanish bv [7X31 below, thus proving the lemma. 
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Lemma 7.3.3. LetU be an open immersion. Suppose that Y is a locally 

factorial noetherian scheme. Then R'^j^{0'^) — for all q > 0. 

Proof: By |26i III 8.1] R'^j^{01j) is the abelian sheaf associated to the 
presheaf F H- Hi{UnV, O^j^y), V open in Y. Since bv [gX5l ggft/nK O^py) = 
for aU q>2, R'ij^{Olj) = for aU q>2. 

For q — 1, R^j^iOlj) is the abehan sheaf associated to the presheaf V i— >■ 
Fi(J7ny,0^ny) '^Pic{Ur\V), y open in y. Let Cunv €Pic{UnV). By [23l 
21.6.11] it extends to an invertible sheaf Cy G Pic{V) hence Cunv is trivial on 
the trace of an open covering of V trivializing Cy and in particular the corre- 
sponding section of the associated sheaf R^j^{0^) is 0. Thus R^j^,{Olj) = 0, 
finishing the proof. 



7.4 Conclusion 

Recall the statement 12.2.11 

Theorem. Let S be an integral scheme dominant and of finite type over Z, 
let X be a smooth S-scheme of relative dimension n and let M be a coherent 
left Dx/s'-i^odule. Suppose that the fiber of M at the generic point of S is a 
holonomic left V-module. Then there is a dense open subset U of S such that the 
p-support of the fiber of M at each closed point uofUisa lagrangian subscheme 

o/(r*(x;),wxJ. 

Proof: By the remark 12.4.31 we may assume that the fiber of M at the 
generic point of S is non zero. Hence by theorem I3.1.H there is a dense open 
subset Ua of S such that the p-support of the fiber of M at each closed point u of 
Ua is equidimensional of dimension n. Since bv l4.2l one may further suppose that 
X/S = ^s/S, theorem l6 . 1 .31 implies that there is a dense open subset Ut of Ua 
such that for each closed point u G Ub and each z generic point of an irreducible 
component of p-snpp{Mu) the Azumaya algebra i^A"/fe(«),^A^j ^ on T*(A^^j) 

splits on ({zf'"^Y''9. Therefore, k{u) being perfect ([22]), by EM] and [6X3] 
the restriction of the canonical form 9.^' to each of the (|z| Y"^^ is a section 

oiIm{W* - C^_.ed^,_^J, where we identified ({I}''*"')''''^ and ({I}'^*"^)'''^^' by 
perfection of k{u). 

Moreover, bv l7.2l and proposition l7.2.l| there is a dense open subset Uc of Ub 
such that for each closed point u ^ Uc and each z generic point of an irreducible 
component of p-supp(M„), there are a smooth open dense subscheme Yz of 

({z} and an open immersion Yz ^ Yz into a smooth projective scheme, 

which is the complement of a divisor Dz with normal crossings relative to k{u). 
In addition there is a nonnegative integer m, independent of u, such that the 
restriction of the canonical form to Yz has poles of order at most m along Dz- 
Hence inverting all primes < m, one may suppose that m < char{k{u)) — 1 and 
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thus by proposition 17.3.11 a;^„' := dO^^i \y^ has logarithmic poles along 

Actually by proposition l7.2.1[ there is a finite set S such that for each i S S 
there are an integral scheme Si whose generic point is of characteristic zero, a 

smooth iSi-scheme 3^^, an open immersion yi ^ 3^; into a smooth projective 5^- 
scheme which is the complement of a divisor Vi with normal crossings relative to 
Si and a relative 1-form di G ^y-^g (mVi) such that for each closed point u ^Uc 
and each z generic point of an irreducible component of p-supp(M„), there is 
i{z) e S such that ^ Yz and 6'.,,/ |y are deduced from yi(z) ^ 3^i(z) and 

Oi(^z)j base changing by a fc(u)-point of Moreover by construction of the 

.S^'s (TTO) . if dO^^'^Jy^ € ViL.^^{logD,) then G hence in 

particular dO^ G (logDo), where here and below, the subscript denotes re- 
striction to the generic fiber. As the generic fiber is over a field of characteristic 
zero, the canonical inclusion fly (logDo) C {jo)i,rty^ is a quasi-isomorphism [171 
3.1.8], implying that the class of d9o in the hypercohomology of the logarithmic 
de Rham complex is zero. Hence ddo vanishes by the degeneracy at Ei of the 
logarithmic Hodge to de Rham spectral sequence [T71 3.2.13 (ii) and 3.2.14] and 
so, by construction of the 5i's (|7.2.ip . the symplectic form cj^„' :— d9j^„' 

k(u) k(u) 

— — r-red 

vanishes on the open dense subset Y^ of ({z} y'^^ ■ Thus by the above there 
is a dense open subset J7 of t/c C Ua such that for each closed point u of [/, 
the symplectic form vanishes on a dense open subset of p-supp(M„). Since by 
definition of Ua-, p-supp(M„) is equidimensional of dimension n for all closed 
points u € Ua, this concludes the proof of the theorem. 
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